Abstract. Fulton and Woodward have recently identified the smallest degree of q that appears in the expansion of the product of two Schubert classes in the (small) quantum cohomology ring of a Grassmannian. We present a combinatorial proof of this result, and provide an alternative characterization of this smallest degree in terms of the rim hook formula for the quantum product.
Introduction and main results
Let X = Gr(l, C n ) be the Grassmannian of l-dimensional subspaces in C n . The classical cohomology ring H * (X, Z) has an additive basis of Schubert classes {σ λ }, indexed by the Young diagrams λ (identified with the corresponding partitions) contained in the l × k rectangle, where k = n − l (we denote this by λ ⊆ l × k). The product of two Schubert classes in H * (X, Z) is given by
where c ν λ,µ is the Littlewood-Richardson coefficient (see, e.g., [6, 15] ). The (small) quantum cohomology ring QH * (X) is a certain deformation of H * (X, Z) that has been extensively studied in recent years; see, e.g., [1, 7, 14] and references therein.
The additive structure of QH * (X) is essentially the same as that of H * (X, Z): the Schubert classes form a basis of QH * (X) as a free module over Z[q], where q is an indeterminate. The multiplicative structure of QH * (X) is defined by
is the complement of ν in the l × k rectangle, and λ, µ, ν ∨ d is a three-point, genus-zero Gromov-Witten invariant of X. Note that we use " " to distinguish the quantum multiplication from the product in the classical cohomology ring. Setting q = 0 recovers (1) because c
Bertram, Ciocan-Fontanine and Fulton [2] have given a combinatorial rule to compute σ λ σ µ and thus the Gromov-Witten invariants λ, µ, ν this rule, we need some terminology and notation. An n-rim hook of a Young diagram λ is a connected subset of n boxes of λ that does not contain a 2×2 square. The width of an n-rim hook is the number of columns it occupies. An n-rim hook is legal if removing it from a Young diagram gives a valid Young diagram (see Figure  1 ). For a partition ρ, we define its n-core, denoted core n (ρ), to be the partition corresponding to the Young diagram obtained by repeatedly removing legal n-rim hooks from ρ until further removals are not possible. It is well known (see, e.g., [9] ) that this procedure defines core n (ρ) uniquely. Let r n (ρ) = |ρ|−|coren(ρ)| n be the number of n-rim hooks removed in this process, and set (ρ) = (−1) (k−width(Ri)) , where R 1 , . . . , R rn(ρ) are these n-rim hooks. With this notation, the rule obtained in [2] is as follows:
The Gromov-Witten invariants λ, µ, ν ∨ are known to be nonnegative; thus the coefficient of each term q d σ ν in the right-hand side of (3) is nonnegative, although no combinatorial proof of this fact is currently known.
For fixed λ and µ, let d min denote the smallest degree of q such that q dmin appears in (2) Our proof of Theorem 1.1 will also prove a recent result of Fulton and Woodward (see Theorem 1.2 below). For partitions λ, µ ⊆ l × k, place λ against the upper left corner of the rectangle. Then rotate µ 180 degrees and place it in the lower right corner (see Figure 2 ). We will refer to rotate(µ) as the resulting subshape of l × k. Let d be the side length of the largest square that fits inside λ ∩ rotate(µ). The following theorem was conjectured by Fulton, and later proved by Fulton and Woodward [8] , using moduli spaces. An alternative proof of Theorem 1.2 was later given by A. Buch [3] , using an elegant geometric argument combined with combinatorics. We will utilize the combinatorial part of Buch's proof below.
Let us now describe our proof of Theorems 1.1 and 1.2. The proof is entirely combinatorial once the nonnegativity of the Gromov-Witten invariants and the fact that QH * (X) is an associative ring [10, 13] are granted. Our argument is based on the following result. 
A combinatorial proof of Theorem 1.3 is given in Section 2. S. Fomin (private communication) has observed that the necessity of conditions (i)-(v) can be derived from the Horn inequalities describing the "Klyachko cone" {(λ, µ, ν) | c ν λ,µ = 0}; specifically see [5, (11) ].
Corollary 1.4. Let λ, µ, ρ be partitions such that
Then it is easy to check that both corresponding inequalities (iv) are violated, a contradiction of Theorem 1.3 (see Figure 3) . To complete the proofs, it remains to show that d min and thus the smallest degree of q that appears in (3) is at most d. To this end, we borrow an argument of A. Buch [3] , used in his own proof of Theorem 1.2. We reproduce his argument below:
Let λ and λ be the partitions obtained by removing the leftmost d columns and the top d rows of λ, respectively. Also, let λ be the partition obtained by removing both the leftmost d columns and the top d rows of λ.
In other words, α is the complement of the bottom d rows of rotate(λ) in l × (k + d), and β is the complement of rotate(λ) in the rightmost d columns (see Figure 4) .
It follows from the Littlewood-Richardson rule that the expansion of σ λ σ β contains the class
By the nonnegativity of the Gromov-Witten invariants and the associativity of QH * (X),
Note that λ∩rotate(µ) = ∅, which is well known to be equivalent to σ λ · σ µ = 0. Thus we conclude that σ λ σ µ σ α σ β contains q d times some Schubert class. Therefore, the product σ λ σ µ must have a term involving a degree of q less than or equal to d, and we are done. Proof. It suffices to prove the case when λ = α and µ \ β is a single box. Since every term of (σ α · σ β ) · σ 1 is indexed by a partition containing κ(α, β), the same is true for σ α · (σ β · σ 1 ) = σ λ · (σ µ + nonnegative terms). The claim follows.
The next lemma is proved by a straightforward application of the LittlewoodRichardson Rule. Details are left to the reader. 
